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Abstract: The discovery of governing equation from time-series data is a challenge in the analysis of nonlinear
dynamical systems. In this work, a clear and systematic exposition of the Sparse Identification of Nonlinear Dy-
namical System (SINDy) framework is presented for data-driven equation discovery. The method is formulated
through system representation, construction of a candidate function library, and identification of sparse governing
terms. The approach is validated using 1D, 2D, and 3D systems, including the logistic model, nonlinear pendu-
lum, and Lorenz system. The coefficients we found shows that only the actual terms from the true equation are
important, unnecessary terms are correctly ignored. These results show that SINDy is an effective method for
discovering the governing equations of nonlinear physical systems directly from data.
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1 Introduction

The identification of governing equations has been a fundamental objective in the physical sciences. Tradition-
ally, physical laws are derived from first principles through analytical reasoning, symmetry considerations, and
conservation laws [1]]. This approach worked well for simple systems, but it runs into problems when dealing
with complex, nonlinear behavior [1l]. In these cases, the interactions are so complicated that it becomes very
difficult to derive the governing equations using traditional methods. However, the advancement of experimental
tools, and numerical simulations provide us data rich research environments [2, 3]]. Because traditional methods
struggle with nonlinear systems, researchers are now turning to data-driven methods. These methods let the data
itself reveal the underlying physical law, without needing to start from first principles [4].

Early work in data-driven methods focused on techniques that automatically discover equations from data,
such as symbolic regression [5, |6]. These methods showed that it is possible to discover meaningful physical
laws, without having prior knowledge of the governing equations. Symbolic regressions frameworks have been
successfully applied to recover conservation laws and dynamical models from experimental and simulated datasets
[7]. However, these early approaches come with challenges. They often have to search through a large number
of possible equations, which demands significant computational power and time. They can also produce very
complicated equations that are hard to understand or interpret physically.

In recent years, Sparse Identification of Nonlinear Dynamical System (SINDy) framework has emerged as a
powerful for data-driven model discovery [} 12,3} /4]]. The main idea behind SINDy is that the governing equations
are sparse in nature [3,4]. SINDy works by first estimating derivatives from time series data, then building a large
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library of possible candidate functions, and finally using regression technique to pick out only the important terms
[3]]. This results in a simple, compact model that is easy to interpret. Compared to older methods like symbolic
regression, SINDy is much faster and less likely to produce overly complicated equations [3}4]. Because of this,
SINDy is especially useful for uncovering the rules that govern nonlinear and complex systems.

In this work, we present a clear and straightforward explanation of the SINDy method, focusing on how it can
be used to discover the governing equations of physical systems. We use classical benchmark systems, including
the logistic model, simple pendulum, and Lorenz system, as illustrative examples [5]].

2 Dynamical Systems and Time-Series Data

Many physical systems can be described within the framework of dynamical system, where the state of the system
evolves with time according to an underlying governing law [1]. Mathematically a dynamical system can be

represented as
dX
— = f(X). 1
= = f(X) M)
Here, X (t) = (21,22, x3....) denotes the state of the given system, and f(X) in an unknown function that de-
termines how the system evolves. Traditionally the f(X) is derived from first principle based on physical law [5].
In contrast, data-driven approaches assume that the governing function is unknown and must be derived directly
from observational data [3 4]]. In real experiments or simulations, we collect time-series data by measuring the
system’s state at specific time points and these collected data can be arranged into a data-matrix

where m is the number of time samples [4]]. In practical situations,the time derivatives of the state variables are
usually not measured directly. Therefore, the derivatives must be estimated numerically from the available time-
series data [3]]. This is an important step because any error in derivative estimation can affect the accuracy of the
discovered governing equations [3l4]. The estimated derivatives can be arranged into a derivative matrix given by

where X (t;) represents the time derivative of the state vector at time ¢;. The main goal is to determine the
relationship between f(X) and X using the available time series data.

3 Mathematical formulation of ’SINDy”’ method

The ”Sparse Identification of Nonlinear Dynamical system” ("SINDy”) method is a data-driven framework for
method governing equation directly from time-series data [, |3, 4]. As discussed in earlier section, the system
dynamics can be expressed as

X:f(X)> “4)

where X (t) € R™ denotes the state-vector of the system and f(X) is an unknown nonlinear function governing
the temporal equation of the system [4] [8]. In many practical cases, the explicit analytical form of f(X) is not
available and must be inferred directly from observational or simulated time-series data. The central idea of
the SINDy framework is to approximate the unknown function f(X) using a set of candidate basis functions
constructed from the measured data. These candidate functions are organized into library matrix, denoted by
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O(X), which contains various possible linear and nonlinear combinations of the state variables. A general form
of the library matrix can be written as

o) =1{: : z : - 5)

i :cl(.tm) xg(;fm) x%(tm) S(}l(tm).l‘g(tm)

Where each row corresponds to a time snapshot of the system and each column represents a candidate function
constructed from the state variables [3| 4]. The first column usually denotes a constant term, while the remaining
columns include linear terms, polynomial terms, and other nonlinear functions depending on the expected physics
of the system.

The key assumption underlying the SINDy method is that the true governing dynamics are sparse in the space
of candidate functions. This means that, although the library matrix may contain a large number of possible terms,
only a few small subset of these terms are required to accurately describe our system dynamics [1]. Based on this
assumption, the system dynamics can be expanded as a linear combination of the candidate library functions,

X =09(X)z, (6)

where = is a matrix of coefficients that tells which terms from the library are actually important. The above equa-
tion has a form similar to the standard regression problem, therefore the identification of the governing equations
can be treated as a regression problem.

To make this formulation more explicit, the time-series measurements are first arranged into a state data matrix
and a corresponding time-derivative matrix. The derivative matrix is given by

Z1(t1) ?Q(tl) Tp(ty)
X .’El(tz) xQ(.tQ) X (tg) , (7)
itn) @altn) o dnlln)

where m denotes the number of time snapshots and n is the number of state variables. Each row corresponds to a
time instant, while each column represents the temporal evolution of an individual state variable [3} 4]].

Similarly, the library matrix ©(X) is constructed from candidate nonlinear functions of the measured state
variables and can be written in a general form as

A e e
1(X(t2 o (X (t2 s 0 (X (T2
O(X) = : : : U ' ®)
1 91(X(tm)) 02(X(tm)) I HP(X(tm))

where p is the number of candidate basis functions, including constant, linear, polynomial, and other nonlinear
terms depending on the expected physics of the system [} 9]

With these definitions, Eq. (6) represents a linear regression problem in a high-dimensional feature space,
where the objective is to determine the sparse coefficient matrix

511 512 to fln
521 522 T £2n

== . . . . (9)
'gpl §p2 e fpn

Each column of = corresponds to the governing equation of a specific state variable, indicating which candidate
functions actively contribute to the system dynamics, while the remaining coefficients remain close to zero due to
the sparsity assumption.
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4 Least Squares Identification

In the present work, the coefficient matrix x; is obtained using a classical least squares approach. After construct-
ing the library matrix ©(X) and the derivative vector X from the time series data, the governing equation

X =0(X)g, (10)
is treated as linear regression problem. specifically, the coefficients are computed by solving the normal equations

ox)rex)z=0x)TX, (11

which correspond to the standard ordinary least square solution [4]]. In the numerical implementation, the matri-
ces ©70 and ©T X are explicitly constructed and the resulting linear system in solved using Gaussian elimination.

Although ordinary least squares regression does not explicitly enforce sparsity, it provides a straightforward
and computationally efficient method for identifying the important terms in the governing equations. More
broadly, modern machine learning and data-driven modeling approaches have played a significant role in dis-
covering governing equations directly from data [[10, |11} [12].

Steps | Description

1 Collect time-series data of the state variables X (¢) from experiments or numer-
ical simulations.

2 Estimate the time derivatives X (¢) using an appropriate numerical differentia-
tion method.

3 Construct the candidate function library matrix © (X ') using linear, polynomial,
or nonlinear combinations of the state variables.

4 Formulate the regression problem in the form X = O(X)E.

5 Compute the initial coefficient matrix = using regression methods.

6 Reconstruct the governing equations from the identified coefficients, consistent
with sparse representation and compressed sensing principles [13].

Table 1: Step-by-step algorithm of the SINDy method for equation discovery

The SINDy formulation X = O(X)E follows the standard framework of sparse regression for dynamical
systems described in data-driven modeling literature [4} 10} [14].

5 Illustrative Examples with Code

To demonstrate the effectiveness of the SINDy method [14] we use several classical dynamical systems as exam-
ples [1]. These benchmark systems are chosen because their governing equations are well known, which allows
us direct comparison between the identified model and the true model.

5.1 Logistic Model

The logistic growth equation,

dN N

is a classical nonlinear model that describes population growth in the presence of limited resources [1], where r is
the intrinsic growth rate and K is the ”carrying capacity” of the system [5]. The term r N represents exponential
growth, while the quadratic term — = N 2 introduces nonlinear saturation as the population approaches the carrying
capacity.

Due to the presence of a simple quadratic nonlinearity, the logistic model serves as an ideal benchmark for
testing data-driven discovery methods such as genetic programming, symbolic regression and SINDy [8, [15} 16,
17].
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To demonstrate the capability of the SINDy method in discovering governing equations from data, we first
generate time-series data N (¢) using the logistic growth model. The corresponding time derivative N (t) is then
computed.

In this implementation, a candidate library is chosen as

O(X) = [L z, 2%, a*, a*, 2, sin(x), cos(x)] (13)

which includes polynomial as well as trigonometric terms, The purpose of choosing an extended library is to test
whether the SINDy framework can correctly identify the true governing dynamics even in the presence of many
irrelevant candidate functions. The SINDy algorithm then determines the coefficient vector associated with each
term in the library.

8.00E-01
7.00E-01
6.00E-01
5.00E-01
4 00E-01
3.00E-01
2.00E-01
1.00E-01

0.00E+00

-1.00E-01
1 X 2 3 x x5 sin(x) cos(x)

Figure 1: Coefficients identified by SINDy for the logistic growth model.

Fig. 1 illustrates the identified coefficients for the logistic growth model. It is clearly observed that the dominant
coefficients correspond to the linear term x and the quadratic term 2 while the higher order polynomial and
trigonometric terms have coefficients close to zero.

5.2 Simple Pendulum
The simple pendulum is a well known nonlinear dynamical system widely studied in classical mechanics and
nonlinear dynamics [[1]], and its equation of motion is given by

6+ T sin(f) =0 (14)

where 0 denotes the angular-displacement, g, the acceleration-due-to-gravity, and L, the length of the pendulum.
Unlike the linearized small angle approximation, the presence of the sin(f) term makes the system inherently
nonlinear, providing an ideal model for testing data driven method [5]].

In order to apply the SINDy framework, the above second order differential equation (T4), must be converted
into a system of two first order equations. This is achieved by defining the state variables as

z=10 (15)
y=120 (16)

with this transformation, the simple pendulum dynamics can be expressed as a two dimensional dynamical system,
In this case the candidate library is constructed using constant, polynomial and trigonometric terms of the state
variables

O(X) = [1,z,y, xy, z2, y*, sin(z),sin(y), ...] a7

This library allows the SINDy algorithm to identify the relevant nonlinear terms governing the pendulum dynam-
ics.

T=1y (18)
_ _g .
y=-7 sin(z) (19)
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Figure 2: Identified coefficients for the Simple pendulum system using SINDy method.

Fig. 2 Presents the identified coefficient vectors obtained using the SINDy method for the simple pendulum
system. The coefficient plot clearly shows that the dominant term in the first equation corresponds to the linear
velocity y, which correctly represents the relation & = y. In the second equation, the largest coefficient is associ-
ated with the trigonometric term sin(z), while the constant, polynomial, and cross terms exhibit coefficients that
are close to zero.

5.3 Lorenz System

The “Lorenz system” is a famous example of a nonlinear dynamical system showing chaos [1]]. Due to its strong
nonlinear coupling and sensitive dependence on initial conditions, it is widely used as a benchmark problem in
nonlinear dynamics and data-driven model discovery [J5, [14, [18]. The governing equations of the Lorenz system
are given by

i=o0(y—x) (20)
y=z(p—2)—y (21)
Z=uay— Bz, (22)

where o, p, and 3 are positive parameters that control the behavior of the system [5]].

In this example, synthetic data for the state variables x(¢), y(t), and z(t) are generated numerically from the
Lorenz equations using standard parameter values. The data are then re-arranged into a state matrix X (t) =
[z(t), y(t), z(t)]”, and the corresponding time derivative are computed to construct X (¢). A candidate library is
formed using constant, linear, quadratic, and intersection terms of the state variables [1, |3} 4]. The SINDy method
is then applied to obtain coefficient matrices corresponding to the three governing equations.

In Fig. 3 the results indicate that the dominant terms in the recovered equations correspond to the linear
coupling between x and y, the nonlinear interaction term Xy, and the linear damping term in the z equation. All
the other polynomial and higher order library terms have coefficients close to zero, showing that only a few terms
significantly contribute to the system dynamics.

In addition to the coefficient analysis, phase space plot are presented to validate the dynamical behavior of
the identified model. For chaotic systems such as the Lorenz system, phase portraits provide an effective way
to compare the qualitative dynamics between the true system and the SINDy recovered system. From the phase
portrait plot (Fig. 4), it is observed that the trajectories obtained from the SINDy model closely follow the true
Lorenz attractor in all state space projection. This close agreement indicates that the SINDy identified model
successfully reproduces the essential nonlinear and chaotic dynamics of the system.

6 Conclusion
In this work, we provided a clear and step by step explanation of the SINDy method, which is used to discover the

equations governing a dynamical system directly from data. We started by explaining how dynamical systems are
typically described mathematically in the framework of nonlinear dynamics [1]. Then, we showed how to build a
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Figure 3: Identified coefficients for the Lorenz system using the SINDy method.
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Figure 4: Comparison of true and SINDy reconstructed Lorenz attractor in phase space projections.

library of possible terms and use regression techniques to identify which ones actually appears in the true equa-
tions. The effectiveness of the SINDy method was demonstrated using several dynamical systems, including the
logistic model, the nonlinear pendulum, and the Lorenz system which serve as representative nonlinear dynamical
benchmarks [[17]]. For each case, the identified coefficient structures showed dominant contributions from the true
governing terms, while higher order and redundant library terms were suppressed. This indicates that the method
successfully isolates the physically relevant dynamics even when an overcomplete candidate library is used. In,
particular, the phase space comparisons for the Lorenz system showed close agreement between the true trajecto-
ries and the SINDy reconstructed trajectories which confirms that the identified model successfully captures the
structure of the chaotic attractor. Overall, the SINDy framework is a simple, interpretable, and computationally
efficient tool for data-driven equation discovery in nonlinear physical systems, consistent with modern machine
learning-based scientific modeling approaches [2]].
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ciate program.

A Appendix

This appendix provides the complete Fortran implementations used for the illustrative examples presented in this
work. The codes generate time-series data, construct the candidate library matrix, and compute the coefficient
vector. Separate codes are provided for the logistic growth model, nonlinear pendulum, and Lorenz system to
ensure reproducibility of the results.

A.1 Logistic Model code

program sindy_least_square_logistic_model
implicit none

integer,

parameter: :N

100
) :

real (kind=8),dimension (N t, x,xdot

real (kind=8), dimension (N, )..Theta

real (kind=8),dimension (8) : :xi_x

real (kind=8) ::dt, r,K

integer::i

dt=0.01d0

x(1)=1.0d0

t(1)=0.0d0

r=1.0d0

K=10.0d0

do i=1,N
xdot (1)= x(i)*(r-x(i) /K)

x(1+1)= x(1)+xdot( ) xdt

t(i+1l)= t (i) + dt

end do

do i=1,N
Theta(i,1)= 1.0d0
Theta (i, 2)=x(1)
Theta (i, 3)=x (1) **2
Theta (i, 4)=x (1) **3
Theta (i, 5)=x (1) x*4
Theta (i, 6)=x (1) **5
Theta (i, 7)=sin(x (1))
Theta (i, 8)=cos(x (1))

end do

call least_squares (N, 8, Theta, xdot, xi_x)
print x, "Sparse vector"
do i=1,38
printx,xi_x (i)
end do

end program

subroutine least_squares (m,n,A,b, x)

integer:: m, n
real (kind=8) : :A(m,n), b (m)
real (kind=8) : :x (n)
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real (kind=8)
integer::i,j

,allocatable: :AtA(:,

allocate (AtA(n,n),Atb(n))
AtA=0.0d0
Atb=0.0d0
do i=1,n
do j=1,n
AtA (i, ])
end do
end do

=sum(A(:,1)*A(:, 7))

do i=1,n
Atb (1)
end do

=sum(A(:,i)*b(:))

call solve_linear (n,AtA, Atb, x)
deallocate (AtA, Atb)
end subroutine

subroutine solve_linear (n,A, b, x)
integer:: n

,Atb (1)

real (kind=8
real (kind=8

real (kind=8

::A(n,n)
::b(n)

:x (n)
:factor

)
)t
real (kind=8) :
) :
integer::i, j,k
do k =1,n-1
do i=k+1,n
factor=A/( y /A (k, k)
A(l,k.n)—A(l,k.n)
b(i) = b(i) - factorxb (k)
end do
end do

do i=n,1,-1
x (i) = (b(1)
end do
end subroutine

A.2 Simple Pendulum code

program sindy_least_square_Pendulum

implicit none

integer, parameter:: N=100
real (kind=8),dimension (N) :
real (kind=8),dimension (N, 12) : :Theta
real (kind=8),dimension (12) :

real (kind=8) ::dt, g, L

integer i

— sum(A(i,i+1l:n)*x(i+1l:n))

xi_x,xi_y

factor*A(k,k:n)

) /A (1, 1)

:t, x,xdot,y,ydot

40
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g=9.81d0

L=1.0d0

do i=1,N
xdot (1) =y (1)
ydot (1)=-(g/L)*xsin(x (1))
X (1+1)= x(1i)+xdot (1) »dt
y(i+l)= y(i)+ydot (i) *dt
t(i+1)= t (i) *dt

end do

do i =1, N
Theta(i,1)= 1.0d0
Theta (i, 2)=x(1)
Theta (i, 3)=y (1)
Theta (i,4)=x(1)*y (1)
Theta (i, 5)=x (1) **2
Theta (i,6)=y (1) **2
Theta (i, 7)=sin(x (1))
Theta (i, 8)=sin(y(i))
Theta (i, 9)=x (1) **x2xy (1)
Theta (i,10)=y (1) **x2%x (1)
Theta (i,11)=x (1) **x2xy (1) »*2
Theta(i,12)=sin(y(i))*sin(x (1))

end do

call least_squares (N, 12, Theta,xdot, xi_x)
call least_squares (N, 12, Theta, ydot, xi_y)

print x, "Sparse vector"
do i=1,12

printx,xi_x (i)
end do

print x, "Sparse vector"
do i=1,12

printx,xi_vy (i)
end do

end program

subroutine least_squares (m,n,A,b, x)
integer:: m,n
real (kind=8):: A(m,n), b (m)
real (kind=8
real (kind=8

) rix(n)
integer::1i,Jj

,allocatable::AtA(:, :) ,Atb(:)

allocate (AtA(n,n),Atb(n))

AtA=0.0d0
Atb=0.0d0
do i =1,n
do 3 = 1,n

AtA (i, J)=sum(A(:,1i)*A(:,3))
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end do
end do

do i=1,n
Atb(i)=sum(A(:,1)*b(:))
end do

call solve_linear (n,AtA,Atb, x)
deallocate (AtA, Atb)
end subroutine

subroutine solve_linear (n,A,b, x)
integer:: n

real (kind=8) : :A(n, n)
real (kind=8) : :b (n)
real (kind=8) : :x (n)
real (kind=8) : : factor
integer::i, j,k

do k =1,n-1
do i=k+1,n
factor=A(i, k) /A (k, k)

A(i,k:n)=A(i,k:n)-factorxA(k,k:n)

b(i)=b (1)
end do
end do

- factor=*b (k)

do i=n,1,-1
x (1) =

end do
end subroutine

A.3 Lorenz system code

program sindy_lorenz_least_squares
implicit none
integer, parameter::N= 1000

(b(i)—-sum(A(i,i+1l:n)*x(i+1l:n))) /A (i, 1)

real (kind=8),dimension (N) ::t, x,vy, z, xdot, ydot, zdot

real (kind=8),dimension (N, 10) : : Theta
real (kind=8),dimension (10)

real (kind=8) :: dt, sigma, rho,beta
integer::i

cixi_ox,

sigma=10.0d0
beta=8.0d0/3.0d0

xi_y,xi_z

rho=28.0d0

dt=0.01d0

x(1l)= 1.0d0

y(1)= 1.0d0

z(1l)= 1.0d0

t(l)= 0.0d0

do i=1,N
xdot (1) = sigma=* (y (i)-x(i))
ydot (i) = x(i)* (rho-z(i))-y (i)

42
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zdot (1) = x(1i)*y(i)-betaxz (i)
X (1i4+1)=x (i) +dt+xdot (1)
y(i+1l)=y (i) +dt*ydot (1)
z (i+1)=2z (i) +dt*zdot (i)
t (i+1)=t (i)+dt

end do

do i =1,N
Theta(i,1)= 1.0d0
Theta (i, 2)=x (1)
Theta (i, 3)=y (i)
Theta(i,4)=z (1)
Theta (i, 5)=x (1) *x*2
Theta (i, 6)=x (1) *y (1)
Theta(i,7)=x(1i)*z (1)
Theta (i,8)=y (1) **2
Theta(i,9)=y (i) *z (1)
Theta (i,10)=z (1) **2

end do

call least_squares (N, 10, Theta, xdot, xi_x)
call least_squares (N, 10, Theta,ydot, xi_vy)
call least_squares (N, 10, Theta, zdot, xi_z)

printx, "spars vector"
do i = 1,10

print *,xi_x (i)
end do

printx, "sparse vector"
do i = 1,10

print x, xi_y (1)
end do

printx, "sparse vector"
do i =1,10

print x, xi_z (1)
end do

end program

subroutine least_squares(m,n,A,b, x)

implicit none

integer:: m,n

real (kind=8):: A(m,n), b (m)
real (kind=8) :: x(n)

real (kind=8),allocatable
integer :: 1,7

allocate (AtA(n,n),Atb(n))
AtA=0.0dO0
Atb=0.0d0

do i=1,n
do j=1,n

AtA(:,

)y

Atb (:)
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AtA (i, j)=sum(A(:,1)*A(:, 7))
end do
Atb(i)=sum (A (:,1)*b(:))

end do

call solve_linear (n,AtA,Atb, x)
deallocate (AtA, Atb)
end subroutine

subroutine solve_linear (n,A, b, x)
implicit none
integer::n,1i, j, k
real (kind=8):: A(n,n),b(n),x(n), factor

do k=1,n-1

do i=k+1,n
factor=A(i,k) /A (k, k)
A(i,k:n)=A(i,k:n)-factorxA(k,k:n)
b(i)=b (i) - factorx*b (k)

end do

end do

do i=n,1,-1

x(1) = (b(i)—- sum(A(i,i+1l:n)*x(i+1l:n)))/A(1i,1)

end do
end subroutine
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